BNL - 67656

A STUDY ON MICROWAVE INSTABILITY INDUCED RADIATION

J. B. Murphy and J.M. Wang
National Synchrotron Light Source
Brookhaven National Laboratory
Upton, NY 11973, USA

March 1999

National Synchrotron Light Source

Brookhaven National Laboratory
Operated by
Brookhaven Science Associates
Upton, NY 11973

Under Contract with the United States Department of Energy
Contract Number DE-AC02-98CH10886



DISCLAIMER

Thisreport was prepared as an account of work sponsored by an agency of the United
States Government. Neither the United States Government nor any agency thereof, nor
any of their employees, nor any of their contractors, subcontractorsor their employees,
makes any warranty, express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness, or any third party’suse or the results of such use of any
information, apparatus, product, or process disclosed, or representsthat itsuse would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof or itscontractorsor subcontractors. The
views and opinions of authors expressed herein do not necessarily state or reflect those of
the United States Government or any agency thereof.



Proceedings of the 1999 Particle Accelerator Conference, New Y ork, 1999

A STUDY ON MICROWAVE INSTABILITY INDUCED RADIATION
J.B. Murphy & J.M. Wang, NSLS/BNL, Upton, NY 11973

Abstract .
assumed to be mono-energetic and the electron
It has been shown in the context of a solvable model théistribution function inpis given as,
the microwave instability can be described in terms of a1
“coherent states” [1]. Building on this model, we first F((gt—O)—WJZlB((p—(pj), )

show that the simplicity of the model arises from the fa%

; ; X ; ere the individual electrons positions are assumed to be
that the key integral-differential equation can be redUCt? dependent and randomly distributed with a weight
to the Karhunen-Loeve equation of the theory o

|

stochastic processes. We present results on the correla %Ct!0n9(¢)’ s_o-called shot noise”. The average line
functions of the electric field. In particular, for the secondensity is obtained as an ensemble average,
order correlation function, we show that a relation akin tgF(q0)) = [ Fo. 0 )p(@)...p(@y )de, ...do, =p(®). (5)
the Hanbury Brown-Twiss _correlathn ho!qls f_or the Provided that the electron bunch length,
coherent states of the microwave-instability induced > 2711/ b = ¢ ( ) is well roximated by it
radiation. We define an entropy-like quantity and we n wr P\@) 1S well approximate y s
introduce a Wigner distribution function representation. Projection into the spacé,, i.e., an expansion in the
bandlimited coherent states.
1 INTRODUCTION
3 APPLICATION OF COHERENT STATES
Recently a new theory of the microwave instability in an
electron storage ring was proposed [1]. An analytim [1] the Vlasov-Maxwell equations for the microwave
solution for the electron distribution function and thenstability were reduced to a Fredholm integral equation
electric field was obtained for the model of a bunchefbr the perturbed electron distribution functidq),t),

electron beam interacting with the model impedance, i} n _ _
[Z if np—bsns<n,+b i(@t)= Kp(‘P)I Mo (o~ (lj)[em‘)(W)U +C-C-] I(@.t)dg (6)

Z = , 1
" Ep otherwise @)

wherek = ewfal,, /E,, |,, =eNw,/2m and initial cond-

av

with n > 0 andU = —in,Z . The instability in the presence . . ~ _ o _
of this impedance can be characterized in terms of'tzl:lon I(q;O)-O.We define some simplifying notation,

complete set of “periodic, localized coherent states”, l(@t)=e"*I(pt)+e™T (pt)+1(@t), (7)

Sin32b+1)E[B_ 08 % where J(@t)OM, is a bandlimited function and(qt)
U 0 2 0 represents that portion ofl(@t) 0 e™™ O M,. Because

22D+ T, (§)= 3 e -

m="b SinDp_ L % J((gt)l] M, it can be expanded as follows,
2
Jot)=Y I, (1), (@) 8
My ((p) is localized nearp, =2m/(2b+1 )o = 0,+1, 2, ((g ) Z () ((p) ®
..., #b with a width in@ given by the wakelengthAg= Using the properties of the, (¢), equation (6) can be

¢, =(2b+1)™and a frequency width ofin=(2b+1).  splitinto a pair of coupled equations &pt) andi (@),

The T, (g)span the spac#, of periodic functions that - _"
are bandlimited to-b<n<b, they are orthonormal on J((gt)— KUI Fo(q)— (ﬁ)p((ﬁ)J((ﬁ,t)d(ﬁ, (%3)

[-7t 1§ and they are complete dd , ,

LOL@=Y2r6-9).  ©

-

100)=x3 b@-p(e. I, @[T, ()+cc]. (ob)

We call (9a) the “self consistent closed loop equation”

R and we call (9b) the “mode coupling equation”. Note that

Th_e r, (o) are swnply the basis funrftlons for a pe”OdK‘(%) is coupled to (9a), but (9a) is self-contained and can
version of the classic Shannon sampling theorem [2-3]. o analyzed alone. We will not consider the mode

coupling equation any further here.
2 INITIAL CONDITIONS: SHOT NOISE

N . ) ) 4 SELF-CONSISTENT LOOP EQUATION
The initial electron beam consisting of N patrticles is

Substituting in (9a) the coherent state expansions of
* Work supported by USDoE under contract DE-AC02-98CH10886 . e .
# Email: jpm@bnl.gov J((p, t)’ p((p) andro(q)_ qj) and simplifying yields,
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3, (t)=xUp,J,(t). (10) of the initial density distribution, will dominate and the
_ . o _ system evolves toward “complete coherence”.
AssumingJ, (t)=J,(0)e™", where Q, is termed the
coherent frequency yields the dispersion relation, 6 KARHUNEN-LOEVE EXPANSION
Q2 =-kUp, =inKZp, . (11) o _ _
The coherent stateE, ((p) are eigenfunctions of (9a) The correlation function in equation (16),_a|ong WIth the
coherent stated, ((p) can be used to write an integral

with a pair of eigenvalue? = \/+in,kZp, . To satisfy eigenvalue equation as follows,

i(@0)=0, the ei luti bined as follows, (New, )’p, New, )’ ™
(@0) eelgfnsou ions are combined as follows, (New, )’p r (@ _( ero) J'd(ﬁra((ﬂ)gpgrg(@rg((ﬁ)
Ipt)= 3 I, (0)cos,t I, (@) (12) i

N
The physical interpretation is that the spectrum of the - I g, ((p’)<J((g0)J (([5,0)> (7
initial shot noise within the bandwidth of the impedance is ) - _ ) )
modulated (R€, ) and amplified (I©, ) with a growth WhereT, () is the eigenfunction anfNew, )’p, /N is the

rate that depends on the local peak current in the elect@i§envalue. This is precisely the form of the integral
beamp, . eigenvalue equation that is the centecpi of the

st Karhunen-Loéve expansion for stochastic processes [4]. If
5 I" ORDER CORRELATION FUNCTION equation (10) is multiplied by, ((p) and summed ovex,
quation (17) can be used to write the evolution equation

The first order correlation function of the bandlimite
or J@t) as,

portion of the current density at two different azimughs
and ¢ at time t is defined as an ensemble average, Je@t) = KUZ J' P, ()T, (@) I(d,t)dg
G (ag,1)=(oath (@.1) i (18)

N —n .
> : * (13) = ——kU [ (J(@0)J (¢.0)) ¢, t)o¢

= (2.0 )0 deodylr, 1, o) vyl )

@p=b ) ) In this case the time dependence complicates the

To proceed we must relate the catieh function att = expression but the underlying form is again the integral
0 to the initial electron distribution function. We definegigenvalue equation of the Karhunen-Loéve expansion
the “centered particle distribution function,(@0) =  where the kernel is simply a symmetric correlation
F(@0) - p(@), this is convenient sinc(a](qu))zo. It is function expanded in terms of the eigenvalues and

straightforward to show that, eigenfunctions [4]

(f (QO)f(qf,0)>=%p(<p)6(<p—<ﬁ)—%p(<p)p(¢)- (14) 7 WIGNER DISTRIBUTION FUNCTION

It has been shown in [_1] that provided thatl'he Wigner distribution function can be introduced to
A <<ty <0, the second term in the RHS of equatioRe|q 4 quasi-probability density in both the angular
(14) will not be ampllfled during the |nstab|l|ty and |t Canposition (p and |ts Fourier Conjugate n [5_6] For a
be ignored. From above we obtain that, stochastic process the Wigner distribution function is

R Neo, defined in terms of the first order correlation function [6],
(,050)=E o5 as

N Want)=["GPRp+8/ 0-8/ tHe™de. (19
The coefficients in the coherent state expansion of ((g ) -[-" Ep A ¢ A ﬁ £ 19

J((gt)are uncorrelated. It is this explicit diagonalization Substituting equation (16), the Wigner function can be
written as a sum over the coherent modes,

of GY(p,t) that makes the coherent states so useful.

b
Combining the above results, the first order correlation W((g n,t) = z Pq |Cos(Qat)|2Wa ((g n) , (20)
function can be written in a diagonalized form, a=-b
(eNay,)? where

G ag,1)= 2 CosQ,t T, (@), (¢).(16) w,(@n)=["r, §p+ % ﬁr; %p— % ﬁe'i”ida L@

This correlation bears a striking resemblance to the

mutual coherence function in statistical optics [4]. If there A routine procedure leads to the result,

were only one coherent state present, the system could be Bsin[(Zb‘2|n|+1)((P‘% )]+ H
called “completely coherent”; when several states are Og b1 (=1)" (1 + 2k O
present, the system is “partially coherent”. In the present &Z(l)Zk(zAfz) Sin[(b—k)z((p— @y )]D
problem, for sufficiently long times in the presence of they_(qn)= O A+ 2k)” - n 0
instability, the coherent state that is centered at the peak (@2b+1)Ssin (-, )]
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for ~b<n<b and W,(@n)=0 otherwise. For the H,.(0)= Log(2b+1) whenp, = [2r(2b+1)]*? for all

special case of a coasting beam, where all the eigenvalyessince the entropy is the logarithm of the number of
are the same, all the summations in equation (22) can hgherent modes excited on the beam it is also a measure
done and the Wigner distribution function takes @f “coherence”, lower entropy implies greater coherence.

particularly simple form, For a Gaussian electron beam, where many modes are
1 2 initially excited; the entropy will decrease toward zero
W(q, n,t)z@zﬁ'coimﬂ , ~b=nsb (23) with time as the mode with the largest growth rate
=| 0, n otherwise dominates.
From the Wigner distribution function we can obtain the
marginal distribution functions, 10 290ORDER CORRELATION FUNCTION

b b 2
o(@t)= nzz_bw((g n,t)= Zﬂasza [Co2, 1] i (@), (242) The second order correlation function is defined as,
SO(a6.¢.6".0= (2007 (6.000.07 (¢"1). G0

After considerable manipulation in can be shown that
the second order correlation function can be written in
8 RADIATION POWER solely in terms of the first order correlation function,
c(ag.¢.9"1) (31)
In [1] it was shown thaG® (@ ¢, t)can be used to obtain = [G(l)((ﬂ(P',t)G(l)((ﬁ',(P'",t)+G(l)((ﬂ(P'",t)G(l) ((P',(P",t)]
the power in the electric field as follows, ) ) )
- (eNey, ) & Using this key result we can derive a Hanbury-Brown
<p((g t)) —RENW) ZPGCOSZQJFG ((p)ra ((p) (25) Twiss-like relation [4,8] between the power in individual
N & coherent states,
If we integrate (25) over alp we find that the total <p (P (t)>
power is the sum over the coherent states, the intensity of L Oy - (32)
each state depends on the initial shot nogse, and the <Pa (t)><PB(t)>
growth rate of the instabilithmQ,, This implies there is an enhanced correlation of light in
) ( )2 ) a particular coherent state, a characteristic of so-called
<P(t)> =SP, =R eNw, zpa|005[9at]|2 (26) ‘chaotic light". However there is no such correlation
< N & between two different coherent states.
We can also define the power as a function of It can be shown that the total radiation power satisfies,

T 2 b
W(n,t)= _IT[W((g n,t)de= T:[lasz“ |CosQat|2 . (24b)

harmonic number in terms of one of the marginal P (1)?
S : N . <p(t)2> z< a()>
distributions of the Wigner distribution function, —14+9 (33)
2 2 )
P = R (eNw, ) 1 ip coda. ] (P(t)) (P(t))
N (2b+1) & ° ¢ @7) For the specific case of a “flat electron beam” of bunch
-R (eNay, )* W(n,t) length ¢, = onp2atl equation (33) simplifies to,
N 2T 2b+1
for -b<n<b and zero otherwise. The fact th@(n, t)) <P(t)2> _qe 1 (34)
is independent of “n” is due to the fact that Z has been <p(t)>2 2a+1 '
assumed to be constant. If the expression in (27) is
summed over “n” we again obtain the result (26) for the
total power. 11 REFERENCES
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O, (t) is the relative probability that a given coherent
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